Stability of S-brane singular solutions and 
expansion of the universe 



Riuji Mochizuki and Kenji Ikegami 

O ■ 

{Sj . Laboratory of Physics, Tokyo Dental College, Chiba 261-8502, Japan 



March 3, 2013 



Abstract 



We investigate stability of single S-brane singular solutions ob- 
O-r tained in our previous papers. A stable perturbative solution exists 

(— i . for each of them, while an unstable one exists only if the dilaton field 

does not depend on time. We apply these perturbative solutions to 
■ inflation and late-time acceleration of expansion of the universe. 
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1 Introduction 

We know that our universe had experienced an exponential expan- 
^ \ sion during the early time pQ. Moreover, the present universe is also 

expanding exponentially [2] [3]. It is desirable that these expansions 
are explained by use of fundamental theories of elementary particle 
physics. Candidates for such theories are ten-dimensional superstring 
theories and eleven-dimensional M-theory. There is, however, a no- 
go theorem which states that a four-dimensional de Sitter universe 
can not be realized by the ordinary compactification methods which 
are applicable to M-theory /super string theory [I] [5]. One way to 
overcome this problem would be to put S-branes, which are time- 
dependent spacelike branes, into the model [6] [7] [8]. Ohta et al. dis- 
cussed models with S-branes and found that exponential expansions 
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of the universe appeared in some of them. Fine-tuned initial condi- 
tions were, however, required in order to obtain the enough e-foldings 
of inflation [9] [TO]. 

In our previous papers, we obtained S-brane solutions with a static 
internal space and an exponentially expanding external space where 
the brane existsfTT] |12j. These solutions are singular solutions, be- 
cause they can not be obtained by any choice of integral constants in 
S-brane general solutions [TO] . 

In this paper, we examine the simplest solutions with a static in- 
ternal space among solutions obtained in our previous papers, namely, 
SM2, 5M5 and Sl^-brane solutions, and search for perturbative so- 
lutions around them in order to investigate stability of the solutions. 
We obtain both stable and unstable perturbative solutions. Both ex- 
ist if a dilaton field has constant expectation value, while only stable 
ones exist if the dilaton field has time-dependent expectation value. 
We apply these solutions to inflation of the early universe. According 
to our scenario, we obtain enough e-folding of the universe for success- 
ful inflation without fine-tuning of the initial condition. Moreover, we 
apply these solutions to late-time acceleration of expansion of the uni- 
verse and show that the late-time acceleration lasts for about 4 x 10 12 
years in our models. 

This paper is organized as follows. In section two, we look for 
perturbative solutions around the solution obtained in our previous 
papers. In section three, we apply these perturbative solutions to 
inflation and late-time acceleration of expansion of the universe. 



2 Stability of singular S-brane solu- 
tions 

Firstly, we present a single singular S^-brane solution with zero dilaton 
coupling (SM p and 5 , D p= 3-brane solutions) according to our previous 
papers |ll]|12j. We consider D dimensional Einstein gravity coupled 
to a dilaton field <j) and an n-form field strength, F n , as a low-energy 
effective theory of M-theory/superstring theory, whose action / is 
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where G is the D-dimensional gravitational constant. We assume the 
following metric form: 

p+l D-l 

ds 2 = -c 2 dt 2 + {a(t)} 2 dx i dx i + {c b(t)} 2 £ j ab d9 a d6 b , (2) 

1=1 a,6=p+2 

where x* (i = 1, • • • ,p + 1) is a coordinate of the external space where 
a brane exists, j a b (a, b = p + 2, • • • , D — 1) is a normalized metric on 
the compact hyperbolic manifold (CHM) |14||15][T6]. which we employ 
as the internal space, and 6 a is a coordinate on the CHM. The field 
strength for an electrically charged Sp-brane is given by 

(Fn)ii-i n -it(t) = e il ... in _ 1 E(t), (3) 

where the dot means the time derivative and 

n = p+2. (4) 

The magnetically charged case is given by 

where 

n = D - p-2. (6) 

Equations of motion are 

d\ 2 ,„ ^ab _ (D - p - 3) a -2(p+i) £2 



a + "{a) +(D -"- 2 »^ 2(D-2) 

(p+1) i +(D _,_ 2) l._^ 1 ,-^.,i._^, 



^ a (p+%(D- P -2)^ = Q) (7) 



where if = — 1, which means the internal space is hyperbolic. In the 
case where a condition 

(D-p-3)(p + l) 

2(D = 2) " 1 (8) 

is satisfied, the scale factor of the internal space is a constant |llj|12j . 
The simplest models satisfying this condition contain a single SM2, 
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SM^ or SD^-brane. Hereafter we consider them. An exact solution 
satisfying the equations ([7]) and condition ([SJ is 



a(t) = a e At , b(t) = b , E = — — ^ — —(a(t)) p+1 , <j>{t) = 0, 

(9) 

where A and ao are arbitrary constants and 

* = §TW (10) 

We note that the scale a(i) of the exernal space exponentially grows 
with time if A > 0. 

To study stability of the exact solution Q, we consider a small 
perturbation around the exact solution. We introduce the following 
perturbative forms: 

a(t) = a„e A '(l+/!e->'), b(t) = b (l + ^e~" t ) 1 ' 2 , 

where /3,7 and 7' are 0(1) parameters and a is a constant. Here 
we assume e~ at < 1. Substituting (fTTj) to the equations © and 
expanding the equations up to the first order of e~ at , we get 

7 = 7', <K*) = ~ip + l)A^ e-(P +1 ) At , (12) 
where (fro is an arbitrary constant, and 

(a-2(p + l)A)(a/3-^) = 0, 

(a - 2(p + l)A)(a + (p + 1)A) = 0, 

{(p + l)(a 2 /3 - 2a/3A + 7A 2 ) + ^a 2 }e~ at 

+(p+l) 2 A 2 o 2 e- 2(p+1)A ' =0. (13) 

If we set a = 2(p + 1)A to solve the first and second equations in 
(|13|) . the third equation gives 

(P + 1 )ro„« , ^2 



2p + 3 



[8p/? + 2 ], (14) 



which shows that (fro is an O(l) parameter. 

On the other hand, if we set a = — (p + 1)A to solve the second 
equation in (fT3|) , we get j3 = ^ = — 2 (p+i) f rom the first equation and 
(fro = from the third equation. 
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We have now obtained two perturbative solutions. The first one, 
which is applicable when At > (e~ 2 ( p+1 ) A * < 1), is 

a(t) = a e At (l + ^e- 2 ^ At ), 

6(t) = 6 (l+ n 7 e-aOH-i^i/a 
D — p — 2 

4,{t) = -(p+l)^„e-"+» At , (15) 
where /3, 7 and (fto are the parameters satisfying 

7 = -^ |8i,5 + * <16> 

The solution (|15p approaches the exact solution ([9]) with At — > 00. 
The second one, which is applicable when At' < (e( p+1 ) Ai < 1), is 

a(O = a' e^(l-^ Ty e^'), 

6(0 = 6 (1 + -^-e^ 1 ) At ') 1 / 2 , 
L> — p — 2 

«<') = 0, (17) 

where 7' and Oq are arbitrary constants. The solution (|17p approaches 
the exact solution ([9]) with At' — > — 00. 

In the next section, we apply the above perturbative solutions 
(|15p and (|17j) to inflation and late-time acceleration of expansion of 
the universe, so we assume A > hereafter. Thus, the solution (|15|) 
approaches the exact solution ([9]) with t — > 00, so that it expresses 
stable expansion of the universe. On the other hand, the solution (|17p 
approaches the exact solution ([9]) with t — > —00, so that it expresses 
unstable expansion of the universe. It moves away from the exact 
solution ([9]) with time, and becomes no use around if = 0. 



3 Application to our universe 

In this section, we apply the perturbative solutions (fT5|) and (fTT|) to 
inflation and late-time acceleration of our universe. Because the SM2 
brane extends in 3-dimensional space, which can be regarded to be our 
universe, we consider the S"M2-brane solution only from now on. As 
discussed in the previous section, the scalar field (dilaton) is essential 
in our solutions, but the dilaton field is not contained in the low-energy 
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effective theory of M-theory. It is, however, consistent with the action 
([1]) containing the dilaton field that the exact solution is the one 
of the low-energy effective theory of M-theory, as (p = in the exact 
solution. On the other hand, the time dependent scalar field <f) in 
the stable perturbative solution (fT5|) shows that it is not a solution of 
the effective theory of pure M-theory, i.e., the solution with an SM2 
brane only, but with both an 5M2-brane and scalar field. We use the 
stable solution (TT3|) in order to obtain enough e-folding for successful 
inflation, so we choose the initial condition of <p as follows. To obtain 
enough e-folding, we need a model in which expansion of the universe 
lasts a long time during the early time of the universe. Even if we 
set an initial condition <p = 0, expansion of the universe might occur 
according to the stable solution (fT5j) . We, however, suppose that the 
expansion does not last a long time and shift from the stable solution 
to the unstable one occurs instantly. Consequently, we adopt (j> 7^ 
as the initial condition for the scalar field. In this case, expansion of 
the universe occurs according to the stable solution (fT5j) and lasts a 
long time, as shown below. 

We adopt the following scenario: We choose (p ^ as the initial 
condition for (f), so that the scale a in the metric (2) is increasing 
exponentially and <j) is decreasing, as shown in the stable solution 
(fT5|) . The unstable perturbative solution (fT7|) is not applicable to 
this initial condition. Consequently, the expectation value of eft must 
become smaller to be comparable with the quantum fluctuation, i.e., 
the product of the scalar field 4> and its conjugate momentum becomes 
comparable with Planck's constant. At this moment, the scalar field 
(j> can be regarded to be classically equal to zero, and shift from the 
stable solution (TT5|) to the unstable solution (fTT|) occurs due to the 
quantum effect. After that, the scale a continues increasing almost 
exponentially until the perturbative solution loses its reasonableness. 
In the following, we ignore the expansion of the scale during the shift 
from the stable solution to the unstable solution, because we expect 
this period to be much shorter than the time during which the stable 
or unstable solution continues. 

To find out the maximum value of the e-folding, we estimate the 
rate of the expansion of universe within the above-mentioned period. 
We regard the stable perturbative solution (fT5j) to be applicable to 
the period satisfying e~ At < 1 and the unstable perturbative solution 
(fTTj) satisfying e A * < 1. So we take the initial time as t ~ and 
the final time as if ~ 0. If the scalar field is equal to the quantum 
fluctuation at the time t = t\, <f>(t\,x) and its canonical momentum 
n(ti,x) should satisfy the relation 

yJ-gitMtuxMtux') ~ h5 D - l (x - x'\ (18) 
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which is the so-called Heisenberg- Robertson relation. Here H = h 
is Planck's constant and 

We integrate (fT8|) over the space coordinates x' to obtain 

Vb-i(*iMti,a;)<K*i,aO ~ % (20) 

where 

Vb-i(*i) = Jd p+1 xd D - p - 2 e^(M) 

d p+1 xd D - p - 2 (a(t 1 )) p+1 (cb(t 1 )) D - p - 2 (21) 

is volume of the (-D — 1) dimensional space at t = t\. J d p+l x is the 
SM2 brane world-volume within a radius of particle horizon, so that 

d p+l x ~ ( / c rft'/ofO ) . (22) 



In order to calculate the left side of (|20p up to the lowest order of 
g-2(p+i)Ai ; we integrate 4> i n (E2) and obtain 

= ^e-^ 1 )^. (23) 

Here we require that the fourth equality of (|17p coincides with the 
fourth equality of the exact solution ([9]) in the zeroth order of e~ 2( - p+1 ) A *. 
Moreover, we calculate Vd—% up to the lowest order of e ~ 2 (p+ 1 ) At 

/ rtx r rlt'\ p+1 

v^m ~ (/ o £*) t^rv 



UoAy 



«oe Atl Vchm, (24) 



where Vchm is volume of the CHM. Substituting these results in (|2"U]) . 
we obtain the e-folding until t = ti 



A tl ^+i)^n 1/(p+1) 



167rGp +2 AP?i 



(25) 



where G p+ 2 ~ G/Vchm is the (p + 2)-dimensional gravitational con- 
stant in the external space. According to our scenario, the shift to the 
unstable solution which satisfies (j) = occurs at t = t\. Because the 
time during which the shift continues is expected to be so short, we 
can ignore it, as mentioned above. Considering the condition of the 
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connection between the two perturbative solutions (fT5|) and (fT7|) . we 
require 



a e Atl = a' e At 'i- 



a -2(p+l)Ati _ 7 (p+DAf, 

P 2(p + l) 6 

7 = 7', (26) 

where is the same time as t\. These equations lead to 

Y = -2(p + l)/3, ti = -2h, a = -3t u a' = e 3Atl a . (27) 

Even after the shift, the scale a continues increasing exponentially 
until the unstable solution loses its reasonableness at the time t' ~ 
when e( p+1 ) A * ~ 1. After all, we get the total expansion rate of the 

S C ctl 6 CL 

^'^) ^ e sA tl J (p^y + ^ \ mp+1) (28) 

a(t ~ 0) ^ 16^G p+2 Ap^ y ' { 1 

where we use ([25]) . 

Firstly, we apply the above result (|28|) to inflation. Subsitituting 
D = 11, p = 2 into (|28p and assuming it to be about e 60 , which is 
the e-folding of expansion of successful inflation, yield the scale of the 
internal space 

2c (VynGfr « \ 1/2 ,„,„-2. 



*=l1W'J ~lxlO-m, (29) 

where we use 0o ~ 0(1). That is to say, we can obtain the enough 
e-folding for inflation if the scale of the internal space c&o is about 
1 x 10 _21 m. Moreover, the duration of the inflation is about 3ti ~ 
i In e 60 ~ 10 -28 s in this case. This is within the range in the literature, 
for example [17] . 

Secondly, we apply the result (|28p to the late-time acceleration. 
If dark energy of our universe results from a cosmological constant 
in 4-dimensional space-time, the dark energy density pde and the 
cosmological constant A have the following relation: 

h = j^r J d i x{R+^{2-D)X} = - J d 4 x{L G + PDE c 2 }. (30) 



16vrG 4 

This leads A = PDE ^' 7T . Moreover, the equation of motion obtained 



from this action leads to the scale factor a(t) ~ aoexp(y Pde ^ Ga ct) . 
Fitting this to (fT5|) and (fT7"|) . we obtain 



Pde&kG a 

A ~V^ 2— ■ (31) 



Substituting this and the observed density of the dark energy pde 
1 x !CT 26 kg/m 3 [18j to (gHl), we obtain 




3fl ~TM I ^f F )~4xlO>Vs. (32) 

Because the age of our universe is about 1.4 x 10 10 years, this is con- 
sistent with the fact that we observe the late-time acceleration at the 
present time. Moreover, we find that the e-folding of the late-time 
acceleration of our universe up to the present time is about 2. This, 
however, leads to the scale of internal space cbo ~ x ~ 10 26 m. This 
value is not consistent with observation. 
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